We prove that a compact 4-manifold which supports a circle-invariant fat SO(3)-bundle is diffeomorphic to either S 4 or CP 2 . The proof involves studying the resulting Hamiltonian circle action on an associated symplectic 6-manifold. Applying our result to the twistor bundle of Riemannian 4-manifolds shows that S 4 and CP 2 are the only 4-manifolds admitting circle-invariant metrics solving a certain curvature inequality. This can be seen as an analogue of Hsiang-Kleiner's theorem that only S 4 and CP 2 admit circle-invariant metrics of positive sectional curvature.
Relation with symplectic geometry
Given a definite connection in E → M, the unit sphere bundle Z ⊂ E inherits a natural symplectic form ω. This construction is explained in detail in [5] and is reviewed below in §2.2. The symplectic manifolds which arise this way are of a very special kind. The fibres of Z → M are symplectic 2-spheres. Moreover, their normal degree d (with respect to an almost complex structure tamed by ω) satisfies |d| = 2. There are two possibilities. When d = +2, we call the connection positive definite. In this case c 1 (Z, ω) = 2[ω]. When d = −2, we call the connection negative definite. In this case c 1 (Z, ω) = 0.
As we will see, in the setting of Theorem 1.3, the S 1 -action on E restricts to a Hamiltonian action on Z which in turn implies that A is necessarily a positive definite connection (Lemma 3.1 and Corollary 3.3). In general, a symplectic manifold (X , ω) for which c 1 (X ) = λ [ω] in H 2 (X , Z) with λ > 0 is called a symplectic Fano (by analogy with algebraic Fano manifolds). An important question is to determine to what extent symplectic Fano manifolds differ from algebraic Fanos.
In dimension four, a theorem of McDuff [16] (building on the substantial works of Gromov [11] and Taubes [22] ) shows that every closed 4-dimensional symplectic Fano is in fact algebraic. The corresponding question in dimension six-whether or not there exist non-algebraic symplectic Fanos-remains completely open. (In dimensions 12 and higher, [6] shows that there are infinitely many symplectic Fano manifolds which are not algebraic.) Whilst the full six-dimensional problem seems extremely hard, there is a weaker version of this question which we would like to state in a form of conjecture.
Conjecture 1.4. Let (Z, ω) be a six-dimensional symplectic Fano manifold with a non-trivial Hamiltonian S 1 -action. Then Z is diffeomorphic to a complex algebraic Fano threefold.
One can see Theorem 1.3 as a confirmation of this conjecture in a partial case. At the same time Theorem 1.3 can be deduced from Conjecture 1.4 using the classification of complex projective Fano threefolds. A result of McDuff [17] and Tolman [23] shows that Conjecture 1.4 holds in the case H 2 (Z, R) = R. Recently we learned from Yunhyung Cho that from his work-in-progress it follows that the conjecture holds in the case when the S 1 -action on Z is semi-free. We discuss some variations of this conjecture in §7.
Relation with Riemannian geometry
One way to produce definite connections is to start with an oriented Riemannian 4-manifold (M, g) and consider the bundle Λ + → M of self-dual 2-forms. The Levi-Civita connection induces a metric connection in Λ + and definiteness of this connection is equivalent to a certain inequality on the curvature tensor of (M, g). This inequality is explained in detail in [5] . As a consequence, Theorem 1.3 gives a strong restriction on Riemannian 4-manifolds with isometric S 1 -action whose curvature satisfies this inequality. To put it precisely: Corollary 1.5. Let (M, g) be closed oriented > 0. Here, s is the scalar curvature, W + : Λ + → Λ + is the self-dual Weyl curvature and Ric 0 is the trace-free Ricci curvature, suitably interpreted as a linear map Λ + → Λ − . The two sides of inequality (1) are thus self-adjoint endomorphisms of Λ + and the inequality asks that the difference be positive definite.
By Theorem 3.12 of [5] , if (M, g) satisfies both (1) and, in addition, W + + s/12 > 0 (but without the need to impose S 1 -symmetry) then M is homeomorphic to a connected sum nCP 2 where n = 0, 1, 2, 3.
Inequality (1) , was analysed in [5, Section 3] . It is explained there that inequality (1) defines four open components in the space of (pointwise) Riemann tensors. Two of these components seem to be more geometric, since there are compact manifolds whose Riemann tensor at each point belongs to these components. The first geometric component is obtained from inequality (1) by adding to it the inequality W + + s 12 > 0; the corresponding compact manifolds are S 4 or CP 2 . The other geometric component is contained in the cone or W + + s 12 < 0 and the compact manifolds are, for example, real and complex hyperbolic four manifolds. By [5, Theorem 3.7] , the Riemann tensor of a 4-manifold whose sectional curvature is 5 2 -pinched lies in one of the two components. It is interesting to compare Corollary 1.5 with the following theorem, whose first part is due to Hsiang-Kleiner [14] and second is due to Grove-Wilking [12] .
Theorem 1.6. Let (M, g) be a compact oriented 4-manifold with positive curvature and a nontrivial isometric S 1 -action. Then
• M is diffeomorphic to S 4 or CP 2 [14] and • This diffeomorphism can be chosen so that the S 1 -action is linear on either S 4 or CP 2 [12] .
(In [14] , Hsiang-Kleiner state the result up to homeomorphism, but their work gives a diffeomorphism when combined with Perelman's resolution of the Poincaré conjecture.)
Our results, Theorem 1.3 and Corollary 1.5, are weaker in the sense that we can not prove an analogue of Grove and Wilking's result. At the same time, our proof is almost metric-free; instead of Riemannian geometry it uses methods of symplectic geometry. Also, it is worth pointing out that a Riemann tensor that satisfies inequalities (1) and W + + s/12 > 0 can have some negative sectional curvatures.
Outline of the proof
The proof of Theorem 1.3 relies on a theorem of Fintushel [10] , that the only simply connected 4-manifolds which admit non-trivial circle actions are the connected sums of copies of S 2 × S 2 , CP 2 and CP 2 . We will prove that when M admits an S 1 -invariant definite connection, it is simply connected and that either χ(M) = 2 or χ(M) = 3 and the signature of M is −1. Theorem 1.3 then follows from Fintushel's result. To do this we will study the fixed locus M S 1 of the S 1 -action as well as the larger set M st of points with non-trivial stabiliser. By [9, Proposition 3.1] in the case when π 1 (M) = 0, the connected components of M st are either isolated points, chains of 2-spheres or circles of 2-spheres. These components come decorated with integers from which the topology of M can be determined. This background is reviewed in §2.1. We call a connected component of M st together with its decoration a pattern in M. The goal then is to understand exactly what combination of patterns are possible.
The first step is to show that the induced S 1 -action on Z is Hamiltonian. As is explained in §2.2.2, the spheres in the patterns lift to give symplectic spheres in Z which are preserved by the Hamiltonian S 1 -action. By studying how the Hamiltonian varies along these symplectic spheres we link the symplectic geometry of the S 1 -action on Z to the topology of the S 1 -action on M.
Our argument can be informally summarised as follows. The value of the Hamiltonian at a fixed point in Z is determined by the local geometry of the S 1 -action at the fixed point downstairs in M. Meanwhile a Hamiltonian generating an S 1 -action satisfies a strong constraint: any local maximum is necessarily a global maximum and the locus of such points is connected. This in turn gives strong constraints on the global geometry of the S 1 -action on M. With some effort this is enough to completely determine the possible patterns and hence the diffeomorphism type of M. A crucial role is played here by three equations, two coming from the G-signature theorem on 4-manifolds and explained in Theorem 2.5 and one coming from the study of definite connections, given in Proposition 2.10. These give additional constraints on the S 1 -action in terms of global topological quantities. The proof works by playing these constraints off against those coming from the Hamiltonian function on Z.
The article is organised as follows. In §2.1 we review the necessary parts of the theory of S 1 -actions on 4-manifolds, the description of M st and the result of Fintushel mentioned above. In §2.2 we review some special features of the symplectic manifolds arising from definite connections. §3 proves that the S 1 -action on Z is Hamiltonian and describes how the local geometry of the action on Z is determined by the local geometry of the action on M. In §4 we prove the main result in the special case when there are non-isolated fixed points in M. In this situation it is possible to use the results of §3 to give a direct proof. When all the fixed points in M are isolated the argument is more involved. First, §5 gives a complete characterisation of all the possible patterns. Then §6 examines which patterns can occur simultaneously. This gives a complete description of the possibilities for M st , ultimately proving Theorem 1.3.
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Preliminaries

A review of S 1 -actions on 4-manifolds
Four manifolds with S 1 -actions and relative weights
In this section we will explain how to describe faithful S 1 -actions on compact oriented 4-manifolds. The foundational work in this area are the articles [9, 10] We will also use a description of S 1 -actions which is very close to that employed by Fintushel (the only difference being the precise choice of integers used). We begin by assigning relative weights to fixed points of the S 1 -action on M. Let S 1 act by complex linear transformations on C 2 . Then there is an irreducible decomposition C 2 = L 1 ⊕ L 2 into lines and a pair of integers a, bcalled the weights of the action-such that e iθ ∈ S 1 acts as multiplication by e iaθ on L 1 and by e ibθ on L 2 . Now consider a non-trivial real-linear action of S 1 on R 4 with a fixed orientation. There exist exactly two S 1 -invariant linear complex structures J and −J on R 4 , compatible with the orientation. Hence we can talk of the weights of the S 1 -action as in the previous paragraph, but the weights are defined only up to an overall sign. Definition 2.2. Fix an orientation on R 4 and let S 1 act linearly on R 4 . Given an S 1 -invariant linear almost complex structure J on R 4 which is compatible with the orientation, we define the relative weights of the action to be the weights a, b of the complex-linear S 1 -action on (R 4 , J) which are uniquely determined up to overall choice of sign. Now let S 1 act on an oriented 4-manifold. We define the relative weights of a fixed point p to be those of the induced S 1 -action on T p M. Proof. If the relative weights of a fixed point p are not coprime there is a non-trivial element e iθ ∈ S 1 which fixes both p and T p M. This means that e iθ acts trivially on the whole of M (e.g., pick an S 1 -invariant metric on M, then e iθ is an isometry fixing a point and its tangent space and so must be the identity). It follows that the action is not faithful.
Patterns of S 1 -actions on 4-manifolds
We now pass from the set of fixed points M S 1 , to the larger set M st of points with non-trivial stabiliser. The connected components of M st will occur frequently in our proof of Theorem 1.3 and so we give them a name. In what follows we assume π 1 (M) = 0. (We will prove later on that 4-manifolds with S 1 -invariant definite connections are simply connected.) We give a description of the possible patterns. This is contained in [10, Proposition 3.1] but formulated using different terminology.
Let p ∈ M st have finite stabiliser Z m ⊂ S 1 . Then (when π 1 (M) = 0) p lies on a 2-sphere S ⊂ M st which contains exactly two fixed points p 0 , p 1 ∈ S ∩ M S 1 ; the remaining points of S \ {p 0 , p 1 } all have the same stabiliser Z m as p; moreover, p 0 , p 1 each have ±m as one of their relative weights and T p j S is the corresponding 2-plane in T p j M which S 1 rotates with speed m.
Conversely, if p is a fixed point with relative weights (a, b) neither of which have modulus one, then there are exactly two distinguished 2-planes L 1 , L 2 ⊂ T p which are rotated with speeds |a|, |b| by the S 1 -action (here we use that neither of the weights are equal to one and that they are coprime). Moreover, there are a pair of 2-spheres S 1 , S 2 ⊂ M st which pass through p with T p S j = L j and whose generic points have stabiliser Z |a| and Z |b| respectively.
If p is a fixed point with relative weights (a, b) with |a| = 1 and |b| > 1 then there is a single 2-sphere in M st which ends at p. Finally, if p is a fixed point with relative weights satisfying
This gives the following four possible types of pattern:
1. An isolated point of M st with relative weights (1, 1) or (1, −1).
2. 4. An entire surface Σ fixed pointwise by S 1 . Such surfaces project isomorphically to a boundary component of M * .
A numerical constraint and the signature formula
Not every collection of patterns can occur via an S 1 -action on a 4-manifold M; there is an important numerical constraint which must be satisfied. Moreover, one can also recover the signature directly from the patterns. These two facts are explained in the following theorem. (In [9, 10] , Fintushel uses different integers than the relative weights to decorate his patterns with and he also obtains a numerical constraint which his integers must satisfy. This is presumably ultimately the same as that of equation (2) 
where σ (M) is the signature of M.
Proof. The second equation follows from a theorem of Bott [2] , which expresses all Pontryagin numbers of a manifold M with an S 1 -action it terms of the topology of M S 1 and the weights of S 1 -action on the normal bundle to M S 1 . In particular in case then dim(M) = 4 one gets a formula for p 1 (M) = 3σ (M). See also Searle-Yang [21] . Both equations can be deduced simultaneously from the equivariant signature theorem of Atiyah-Singer [1] . For almost all rational numbers t = m/n, the equivariant signature theorem applied to the action of e 2πti ∈ S 1 gives
(See equation (18) in the article [13] of Hirzebruch; one needs that the only fixed points of e 2πti are fixed by the whole of S 1 .) The right-hand-side of (4) can be written as a Laurent series at t = 0. In this expansion, the coefficient of t −2 must be zero and the constant term equal to σ (M), giving the two equations (2) and (3).
A review of the symplectic geometry of definite connections 2.2.1 From connections over 4-manifolds to symplectic 6-manifolds
We now review how a definite connection A in an SO(3)-bundle E → M over a 4-manifold gives rise to a symplectic structure ω A on the total space of the unit sphere bundle Z ⊂ E. The details of this construction can be found in [5] . We first explain how any SO(3)-connection A naturally defines a closed 2-form ω A on Z. Write V → Z for the vertical tangent bundle of Z, i.e., the sub-bundle of T Z containing vectors tangent to the fibres of Z → M. V is an SO(2)-bundle; once an orientation of the fibres of E is fixed, V can be regarded as a U (1)-bundle. The closed 2-form ω A is the curvature of a unitary connection ∇ in V . Let s be a section of V and u tangent to Z. When u is itself vertical, ∇ u s is simply given by the Levi-Civita connection on the tangent bundle of the fibre. Meanwhile, the connection A defines a vertical-horizontal splitting T Z = V ⊕ H. When u is horizontal, parallel transport with respect to A along the projection of u to M identifies nearby fibres of Z → M and so also their tangent spaces. ∇ u s is then the ordinary derivative under this identification. We now set ω A = 1 2πi F ∇ , a closed 2-form which restricts to each fibre to give its area form. One can check that the ω A -complement of V is again H, the horizontal distribution of A. Moreover the restriction of ω A to H can be described in terms of the curvature of A. For details see [5, §2.1] .
The main interest in ω A is when it is in fact symplectic. This corresponds precisely to A being a definite connection:
Proposition 2.6 ([5, §2.2]). (Z, ω A ) is symplectic if and only if A is a definite connection.
An important point is that a definite connection A induces a preferred orientation on M. This is because the sub-bundle H ⊂ Z is symplectic, hence oriented by ω 2 A and this orientation descends to T M. Note that this is independent of the choice of orientation of the fibres of E; the opposite choice leads to the 2-form −ω A and so does not affect ω 2
A . Now the orientation of M determines in turn a preferred orientation of the fibres of E: we declare them to be positively oriented if the push-forward of ω 3
A is a positive 4-form on M. From now on, given a definite connection A in E we will use these induced orientations on M and on the fibres of E.
The symplectic manifolds (Z, ω A ) which arise this way are of a very special sort, either "symplectic Fano" or "symplectic Calabi-Yau":
. When A is a definite connection, the fibres of Z → M are symplectic 2-spheres whose normal degree d satisfies |d| = 2.
• If d = 2, we say A is positive definite. In this case, c 1 
• If d = −2, we say A is negative definite. In this case, c 1 (Z, ω A ) = 0.
(Here the normal degree is defined with respect to an almost complex structure tamed by ω; the result does not depend on the choice, which lies in a contractible set.)
It is an interesting question to ask which 4-manifolds admit definite connections. To date, there is only one known obstruction due to Derdzinski and Rigas, an inequality involving the Euler characteristic χ and the signature σ (defined with respect to the orientation on M induced by A).
Proposition 2.8 ([4]
, see also [5, §2.3] ). Let M be a compact 4-manifold with a definite connection.
An adjunction inequality
Our proof of Theorem 1.3 is based on lifting the spheres from M st to the symplectic manifold Z. We now describe how to do this. Let f : Σ → M be an embedding of an oriented surface. There is natural lift f : Σ → Z defined as follows. Let u, v be an oriented basis for T σ Σ. Since A is definite, the curvature
is a positive multiple of the cross-product with p. Setting f (σ ) = p defines the lift of f to Z.
A key fact about these lifts is that their symplectic area is determined entirely by the topology of Σ and f :
where the sign agrees with that of the definite connection.
This has the following important corollary, which is a direct analogue of the adjunction inequality of [5, §4.4 
Similarly, if A is negative definite, this quantity is negative.
Proof. The Z n -action on E preserves the unit sphere-bundle Z where is acts by symplectomorphisms. Now the lifts Σ 1 , Σ 2 ⊂ Z of Σ (one for each orientation) are also fixed pointwise by Z n and hence are symplectic (because they are components of the fixed set of a symplectomorphism of finite order). The result now follows from Proposition 2.9.
3 The S 1 -action on Z
The action is Hamiltonian
With the preliminaries in hand, we now begin the proof of Theorem 1.3. The circle action on E preserves the unit sphere bundle Z where it acts by symplectomorphicms. The first step is to show that this action is Hamiltonian. This follows from a general result about actions which lift to line bundles. This is well-known, but we give a proof for completeness (and lack of an explicit reference). Proof. If the connection were negative definite, Z would be a compact symplectic Calabi-Yau manifold. But by [3] , such manifolds do not admit Hamiltonian S 1 -actions. 
A first look at the S 1 -action on Z
We conclude this section by describing in a little more detail the action of S 1 on Z. Our ultimate goal here is to relate the action on Z to that on M as well as to determine the value of the Hamiltonian function at fixed points of Z in terms of the relative weights downstairs. To do this, we first give a natural choice of normalisation for the Hamiltonian, exploiting the involution γ : Z → Z of the unit sphere bundle given by multiplication by −1 in the fibres. From now on, we will exclusively use this normalisation for the Hamiltonian function H. We next turn to the weights of the S 1 -action on Z. Let z ∈ Z be a fixed point. Since the action preserves the symplectic form ω A , we can define genuine weights for the action at z, as opposed to ones defined only up to a common sign as was the case for fixed points in the 4-manifold. Moreover, the action on Z preserves the connection A and hence the splitting T Z = V ⊕ H. It makes sense then to talk of horizontal and vertical weights of the action at z as the weights of the S 1 -action on H z and V z respectively. With this Lemma in hand we can now explain how the action on Z relates to that on M. Let p ∈ M be fixed by the S 1 -action, with relative weights (a, b). S 1 acts isometrically on the sphere Z p over p and there are two possibilities: either it fixes it completely, or it rotates it around two antipodal fixed points. Given a fixed point z ∈ Z p , the action on H z is isomorphic to that on T p M. It follows that the horizontal weights at z must be equal, up to sign, to the relative weights of p.
If
We can already give one simple but very important consequence of this description. Proof. We have seen that the set of such fixed points is the projection of those points in Z where H attains its maximum. The result follows from the fact that the maximal level set of H is connected.
We close this section by giving the value of the normalised Hamiltonian at fixed points of Z. Proof. We use Archimedes theorem, that if h is a Hamiltonian function generating an S 1 -action on S 2 , which has symplectic area 4πc and which is rotated m times, then h max − h min = 2cm. By construction, ω A gives all the fibres of Z → M the area 4π. By Lemma 3.7, the sphere through z, γ(z) is rotated |a + b| times by the S 1 -action. It follows that 
The case of non-isolated fixed points
The goal of this section is to prove Theorem 1.3 in the special case where there are non-isolated fixed points. Proof. Write Σ for the locus of non-isolated fixed points. By Lemma 2.3, each point of Σ has relative weights (1, 0). Corollary 3.9 gives that Σ is connected. Moreover, by Lemma 3.10, the value of H at fixed points above Σ satisfies |H(z)| = 1. So −1 ≤ H ≤ 1. Now if q ∈ M is any isolated fixed point with relative weights (a, b) there are fixed points z ± ∈ Z above q with H(z + ) = a + b and H(z − ) = −(a + b). Since −1 ≤ H ≤ 1 and neither a nor b vanishes, it follows that the relative weights are (1, −1) as claimed.
Lemma 4.3. Let M be a closed 4-manifold which admits an S 1 -invariant definite connection. Suppose that the S 1 -action on M has non-isolated fixed points. Then the surface of non-isolated fixed points is a 2-sphere and there is at most one isolated fixed point.
Proof. Write n for the number of isolated fixed points. By Lemma 4.2 any isolated fixed point has relative weights (1, −1). As above, write Σ for the locus of non-isolated fixed points, which we also know is connected. Recall equation (2) which gives a constraint on the relative weights of isolated fixed points. In the situation at hand it reads
Meanwhile, Σ is fixed by the S 1 -action and so the adjunction inequality of Proposition 2.10 reads
where g is the genus of Σ. (We use here also the fact that the definite connection is positive, Corollary 3.3.) So the only possibility is that g = 0 and n < 2 as claimed.
Proof of Theorem 4.1. We assume that the S 1 -action has non-isolated fixed points and we want to show that M is diffeomorphic to either S 4 or CP 2 .
We first show that π 1 (M) = 1. Since Z → M is an S 2 -bundle, π 1 (M) ∼ = π 1 (Z). By Lemma 4.3, the non-isolated fixed points form a sphere Σ ⊂ M. Moreover, we have seen that Z max , the locus where H attains its maximal value, projects diffeomorphically onto Σ. So π 1 (Z max ) = 1. But by Theorem 3.5, π 1 (Z) ∼ = π 1 (Z max ) and hence M is simply connected.
We now compute the Euler characteristic. By Lemma 4.3, the zero locus of the vector field generating the S 1 -action is a single 2-sphere together with at most one other isolated zero. The 2-sphere contributes 2 to χ(M). If there is no other fixed point we see that χ(M) = 2 and, looking at Fintushel's classification Theorem 2.1, we conclude that M is diffeomorphic to S 4 .
Meanwhile, if there is another isolated fixed point, it contributes 1 to the Euler characteristic giving χ(M) = 3. Next we compute the signature, via equation (3) . Equation (5) says that in this case the 2-sphere of non-isolated fixed points has self-intersection −1 whilst the isolated fixed point has relative weights (1, −1). Equation (3) then gives σ (M) = −1. Again looking at Fintushel's classification we conclude that M is diffeomorphic to CP 2 .
All fixed points are isolated: the admissible patterns
We now turn to the case when all fixed points in the 4-manifold M are isolated. This involves more work than in the previous section. The first step in the argument is to identify all the patterns which can occur. (Recall that a pattern is a connected component of M st , the set of points with non-trivial stabiliser, together with the relative weights of the fixed points.)
Theorem 5.1. Let M be a closed 4-manifold admitting an S 1 -invariant definite connection. The following list contains all the possible patterns on M:
1. A fixed point with relative weights (1, 1) or (1, −1).
An arc of spheres of length one or two.
A circle of spheres of length two or three.
An S 2 of non-isolated fixed points.
The previous section already showed that if there are non-isolated fixed points, they must lie on a single 2-sphere. The point of Theorem 5.1 is to rule out arcs of more than 2 spheres and circles of more than three spheres.
The key idea is to analyse the behaviour of the Hamiltonian function H on lifts of the arcs and spheres. Recall the discussion from §2.2.2 which explained how each embedded surface Σ has two natural lifts to Z. When Σ ⊂ M st is a 2-sphere whose generic points have stabiliser Z m ⊂ S 1 , then the generic points of a lift Σ ′ also have stabiliser Z m This means the S 1 -action rotates Σ ′ m-times and we can thus compute the change in the Hamiltonian along Σ ′ via its symplectic area. Proof. We use Archimedes theorem, that if h is a Hamiltonian function generating an S 1 -action on S 2 , which has symplectic area 4πc and which is rotated m times, then h max − h min = 2cm. The result follows from Proposition 2.9, which gives the area of Σ ′ as 2π(2 + s). 
Arcs of spheres in M st
Proposition 5.3. Any arc of spheres in M st contains at most two spheres.
We will prove this result in a series of steps. Each arc must end at fixed points with relative weights (±1, m) where m > 1. We work inwards from the end of the arc, using Lemmas 3.10 and 5.2 to compute how H varies along the lift to Z of an arc. Since the horizontal weight at z 1 in the direction of z 0 is positive, Proof. Suppose, for a contradiction, we have an arc of five or more spheres. Pick a connected component of the lift of the arc to Z. It contains at least six fixed points and so, by Lemma 5.5, at least two of these points are local exteremums of H. Considering both connected components, we see we have found four distinct local extrema of H, contradicting the fact that the level sets of H are connected.
Lemma 5.7.
There is no arc of three spheres in M st .
Proof. Assume for a contradiction such an arc exists. By Lemma 5.5, one of the lifts of this arc to Z contains the maximum of H and, moreover, this maximum cannot be an endpoint. Consider the lift of the arc which contains the maximum and write the fixed points as z 0 , z 1 , z 2 , z 3 , in order, where z 2 is the maximum. Since H • γ = −H, we see that γ(z 2 ) is the minimum of H Write (±1, m) for the relative weights downstairs below z 0 , where m > 1. We will prove that the horizontal weights at z 0 are (1, −m). Since z 0 is not the maximum (which is z 2 ) or the minimum (which is γ(z 2 )) we know, by Lemma 3.8, that the horizontal weights at z 0 have different signs and so are either (1, −m) or (−1, m). But if we take (−1, m) then H is decreasing as we move to z 1 then increasing as we move to z 2 . This would imply that the horizontal weights at z 1 are negative, making it the minimum, which is a contradiction.
We now know, from the proof of Lemma 5.4 , that the horizontal weights at z 1 are (m, 1 − m). Write (m − 1, n) for the horizontal weights at z 2 , where n > 0. (We know it is positive since z 2 is a maximum.) The horizontal weights at z 3 are then (−n, 1). (The second weight must have absolute value one since it lies above the end of an arc and it must be positive because z 3 is not a minimum).
Applying Lemma 3.10 we have:
Now write s for the self-intersection of the sphere between z 1 and z 2 and t for the self-intersection of the sphere between z 2 and z 3 . By Lemma 5.2, we have
These rearrange to
From these equations we will find our contradiction. Note that m − 1, n are the orders of the stabilisers of generic points in the second and third sphere in the arc, so n > 1 and m > 2. It follows that t > 0. Now s > −2. If s = −1, then n = 1, a contradiction. Moreover, if s ≥ 0 then n ≥ m from which we see that t < 1, contradicting m > 2. There are thus no possible solutions to our equations and inequalities, proving that no arc of length three is possible.
Lemma 5.8. There is no arc of 4 spheres.
Proof. Assume for a contradiction that such an arc exists. By Lemma 5.5, we know that one of its lifts to Z contains a maximum which, moreover, must lie at the centre of its chain. Write z 0 , z 1 , z 2 , z 3 , z 4 for the fixed points, in order, with z 2 the maximum. Write m > 1 for the rotation speed of the sphere between z 0 , z 1 and n > 1 as the rotation speed of the sphere between z 3 and z 4 . Then, from Lemma 5.4, we have the following sequence of horizontal weights:
In particular, Lemma 3.10 gives that
Write s and t for the self-intersections of the projections of the spheres between z 1 , z 2 and z 2 , z 3 respectively. By Lemma 5.2, we have
These rearrange to give
Note that m, n ≥ 3, since m − 1 and n − 1 are rotation speeds of the second and third spheres in the chain. Adding the equations we see that
So at least one of s or t is negative. Meanwhile, by Proposition 2.10, s,t > −2. But if s = −1, then n = 2, whilst if t = −1 then m = 2, either giving a contradiction.
Proof of Proposition 5.3. Together, Lemmas 5.6, 5.7 and 5.8 show that the longest arc of spheres possible in M st contains two spheres.
Circles of spheres in M st
We next turn to circles of spheres in M st , the goal being to show that there are at most three spheres in such a circle. Each sphere in the circle has two natural lifts to Z (as described in §2.2.2). A priori there are two possibilities: either the lifted spheres in Z form a single connected component double-covering the circle of spheres in M, or they give a trivial double-cover, with two connected components. The first step is to rule out this second, disconnected, possibilty. Proof. Let C ⊂ Z denote a connected component of the lifts of the circle of spheres. Since C is compact, the restriction H| C of the Hamiltonian attains a maximum on C. H| C is strictly monotonic along each sphere in C and so attains its maximum at an S 1 -fixed point for which both horizotnal weights are positive. By Lemma 3.7, this means the vertical weight is also positive and hence the maximum of H| C is in fact a local maximum of H on the whole of Z. By connectedness of the level sets of H, this local maximum is actually the unique global maximum of H. By uniqueness, C is the only connected component.
Write Σ 1 , . . . , Σ n ⊂ M st for the spheres in the circle under consideration, written in order (so that Σ i ∩ Σ i+1 = ∅ for i = 1, . . . n − 1). Let p i , p i+1 denote the fixed points in sphere Σ i (so that p n+1 = p 1 ). Choose z 1 ∈ Z to be a fixed point lying above p 1 . This singles out a lift Σ ′ 1 of Σ 1 which contains z 1 . The other fixed point z 2 ∈ Σ ′ 1 lies above p 2 . This again singles out a lift Σ ′ 2 of Σ 2 containing z 2 , Write z 3 for the other fixed point of Σ ′ 2 . Again, z 3 projects down to p 3 . Note that if the circle contains only two spheres (i.e., n = 2) then z 1 and z 3 project to the same point of M. The previous lemma ensures however that nonetheless z 1 and z 3 are distinct.
Lemma 5.10. Suppose that H(z
Proof. Write m i > 1 for the size of the stabiliser of the generic point of Σ i . The horizontal weights at z 2 have absolute values equal to m 1 , m 2 . The first step is to determine the signs of these weights. Consider the sphere Σ ′ 1 running from z 1 to z 2 . The fact that H(z 1 ) > H(z 2 ) tells us that the corresponding horizontal weight at z 2 is negative, so the first weight is −m 1 . Meanwhile, the fact that H(z 2 ) ≥ 0 means that z 2 is not the minimum of H, so the other horizontal weight at z 2 must be positive, equal to m 2 . Now Lemma 3. Proof. As above, write p 1 , . . . , p n ∈ M for the fixed points in the circle of spheres, written in order around the circle. Assume moreover that the maximum of H is attained at the point z 1 ∈ Z which lies above p 1 . This then determines a lift Σ ′ 1 of the sphere between p 1 and p 2 , namely that containing z 1 . The other fixed point on Σ ′ 1 gives a lift lift z 2 of p 2 and we continue in this way until, by Lemma 5.9, we have an enumeration z 1 , z 2 , . . . , z 2n of all the fixed points in Z lying above the circle where z i and z i+n both project to p i . Now H(z 1 ) > H(z 2 ), since z 1 is the maximum of H. So, by Lemma 5.10, either H(z 2 ) < 0 or H(z 3 ) < 0. Similarly, either H(z 2n ) < 0 or H(z 2n−1 ) < 0. So z 1 lies in a sequence of at most three fixed points before the Hamiltonian becomes negative. These must be the only points at which H is positive. To see this, write C for the union of the lifts of the Σ i . If there were another place where H| C were positive, there would be a second point at which H| C attained a local maximum. Just as in the proof of Lemma 5.9, a local maximum of H| C is a global maximum of H on Z and so there can be only one such point.
We see then that H is positive on at most three of the z j and hence, by symmetry, negative on at most three of them. It follows that there are at most six of the z j and hence n = 2 or 3 as claimed.
Together, Propositions 5.3 and 5.11 prove Theorem 5.1.
All fixed points are isolated: multiple patterns
Having listed all the possible patterns in M, we now examine when different patterns can occur simultaneously.
Patterns bringing a maximum of H
In the course of the proof of Theorem 5.1, we saw that certain patterns bring a maximum of H. By uniqueness of the maximum of the Hamiltonian, we see that there is at exactly one such pattern present. We now make explicit those patterns above which H does not attain a maximum. Proof. We have already seen that H must attain its maximum above either a surface of non-isolated fixed points or a circle of spheres. It remains to treat fixed points which are isolated in M st as well as arcs.
We begin with fixed points which are isolated in M st . Such a point p has relative weights (a, b) with |a| = 1 = |b|. In the case the relative weights have the same sign, we see that one of the two fixed z above p has horizontal weights (1, 1). By Lemma 3.7, the vertical weight at this point is 2 and, since all the weights are positive, z is a maximum of H.
On the other hand, when the relative weights of p are (1, −1), we see that any fixed point above p has horizontal weights (1, −1) and vertical weight 0; the sphere above p is fixed pointwise by the S 1 -action and consists of saddle points of H.
We now turn to arcs. Proposition 5.3 tells us that there are at most three fixed points in any arc of spheres in M st . Moreover, by Lemma 5.5, three fixed points leads automatically to a maximum of H. So, for H to not attain its maximum, the arc must in fact be a single sphere, connecting two fixed points p 0 , p 1 with relative weights (a j , m) where m > 1 and |a j | = 1. Now a fixed points z 1 above p 1 has horizontal weights equal to either (1, −m) or (−1, m) , since if the horizontal weights had the same sign, H would attain a maximum at z 1 or γ(z 1 ). So, by Lemma 3.10, |H(z 1 )| = |m − 1|. Meanwhile, by Lemma 5.4, we see that |H(z 1 )| = 1. It follows that m = 2 and the relative weights of p 1 are (1, −2) . The symmetric argument gives the same result for p 0 .
The constraint equation
Next we bring equation (2) into play, which gives a constraint which the relative weights of the fixed points must satisfy. Definition 6.2. Given a pattern P ⊂ M st containing only isolated fixed points, write
where the sum is over all fixed points in P and (a j , b j ) are the relative weights of these fixed poitns.
Write P 1 , . . . , P r for the patterns in M. Then, at least when all fixed points are isolated, equation (2) says that q(P 1 ) + · · · + q(P r ) = 0. The following two results show that the values of q(P) are themselves heavily constrained. Proof. This is a simple calculation, using the classification of such patterns in Proposition 6.1. Proof. By Theorem 5.1 and Proposition 6.1, there are three types of patter to consider: a circle of spheres, an arc of spheres and a fixed point which is isolated in M st . We treat each case separately.
Maximum occurs above a circle of spheres. If P is a circle of spheres, then by Theorem 5.1 the number of spheres is in the circle is either two or three. Suppose first that P contains two fixed points with relative weights (a i , b i ) where |a 1 | = |a 2 | and |b 1 | = |b 2 |. The smallest possible sizes of these absolute values is 2 and 3 and so q(P) ≥ − Maximum occurs above an arc of spheres. Suppose the arc contains one sphere and that the order of the stabiliser of a generic point on the sphere is at least three. Then q(P) ≥ −2
If the arc consists of a single sphere with stabiliser of order 2, then the relative weights of the two fixed points are (1, −2) and (1, 2) (otherwise, by Proposition 6.1, there is no maximum of H above the sphere). In this case q(P) = 0.
Suppose now that the arc contains two spheres. A priori, the smallest possible value of q(P) occurs when the fixed points have relative weights (1, 2), (2, 3) and (3, 1) , giving −1. But this gives three distinct fixed points with relative weights of the same sign, contradicting Corolloary 3.9. Any other combination of relative weights gives q(P) > −1.
Maximum occurs above a point of type (1, 1) . In this case q(P) = −1.
We can now put all of these pieces together to give a complete characterisation of M st . Proof. If the maximum of H is attained above a fixed point with relative weights (1, 1) then this contributes −1 to the left-hand-side of equation (2) . By Lemma 6.3 any other pattern contributes exactly +1 to the left-hand-side and so there must be exactly one other pattern. This accounts for cases 3 and 4 in the above list. By Lemma 6.4, if the maximum of H is attained above any other pattern, P, then q(P) > −1. Since, by Lemma 6.3, the patterns which do not bring a maximum of H both have q = 1 it follows from (2) that P is the only pattern present. This accounts for cases 1 and 2. Proof. We first prove that M is simply connected. Since the fixed point set in M is a collection of points, the fixed point set in Z is a collection of points and possibly some 2-spheres (fibres of Z → M). It follows that the locus on which H attains its maximal value is either a point or a 2-sphere, both of which are simply connected. It now follows from Theorem 3.5 that π 1 (M) = 1.
Looking at the list in Theorem 6.5 we see that there are either 2 or 3 fixed points and so χ(M) = 2 or 3 accordingly. When χ(M) = 2 then (since π 1 = 1) b 2 = 0 and we see from Fintushel's Theorem 2.1 that M is diffeomorphic to S 4 . It remains to treat the case χ(M) = 3. In this case b 2 = 1 and by Fintushel's Theorem 2.1 it suffices to show that the signature is −1. Looking at the list in Theorem 6.5, there are three possibilities with three fixed points and we divide the proof up accordingly.
M st is a circle of three spheres. Cyclically order the spheres in the circle. Pick any choice of orientation on the first sphere in the circle. Orient the second so that it intersects the first positively. Now orient the third so that it intersects the second positively. The sign of the intersection between the third and first sphere is now fixed by the initial choice and agrees with the sign of the signature. (This is because the spheres are all homologous up to sign, since b 2 = 1.) Meanwhile, as is described in §2.2.2, the choice of orientation on each sphere determines a lift of it to Z. Picking the orientation of the second sphere so that it meets the first positively means that the lift of the second sphere meets the lift of the first. Similarly the lift of the third sphere meets the lift of the second. Now if the signature were 1, the third and first sphere would intersect positively, their lifts would meet and form a loop of three spheres. Reversing all the orientations would give a second connected component of lifts contradicting Lemma 5.9. We see then that the signature must be −1 as claimed.
M st is an arc of two spheres. Write the relative weights at the end-points of the arc as (1, a) and (b, 1). The middle fixed point has relative weights (p, q) with |p| = |a| and |q| = |b|. There are thus two possibilities: either the relative weights at the middle point are (a, b) or they are (−a, b) .
Suppose first that the middle point p has relative weights (−a, b). The constraint equation (2) implies b = 1 − a. Now the relative weights at p have the same sign. This means that at a fixed point z ∈ Z above p, the horizontal weights also have the same sign. So the maximum occurs above p. Lemma 5.4 then gives that |H(z)| = 1 so |1 − 2a| = 1. The only way this can happen is either a = 0 or a = 1 both of which contradict the fact a is a relative weight at the start of the arc.
Next suppose that the relative weights at p are (a, b). The constraint equation (2) now implies b = −1 − a. We now compute the signature directly from equation (3) . The end result is −1 as claimed.
M S 1 is one point with relative weights (1, 1) and a pair of points each with relative weights (1, −2). In this case we can compute the signature directly from equation (3), which gives the answer −1 as claimed. This conjecture is discussed further in [8] in the general (non-equivariant) setting, along with its relation to Einstein metrics. Theorem 1.3 should admit series of generalisations in several directions. First of all, we expect that the methods of this article will also lead to a classification of diffeomorphism types of fourdimensional orbifolds with S 1 -invariant definite connections. We hope to address this in future work. At the same time, even in the case of manifolds our methods do not say anything about the nature of the S 1 -action. There are many exotic S 1 -actions on S 4 or CP 2 . For these actions the set of points with non-trivial stabiliser projects to a non-trivial knot in the quotient M/S 1 . By analogy with the result of Grove and Wilking (the second part of Theorem 1.6) we expect that the answer to the following question is positive. All these questions have their Riemannian counterparts on Riemanninan manifolds and orbifolds satisfying curvature inequality of Corollary 1.5.
Open questions and further directions
In a different direction, it would be interesting classify or at least find bounds on those sixdimensional symplectic Fano manifolds admitting Hamiltonian S 1 -actions. We will express this in the following conjecture. Dusa McDuff communicated to us that in the case when H 2 (Z, R) = R the methods of her work [17] give a proof of this conjecture. Yunhyung Cho has told us that in recent work which will appear soon, he proves the conjecture in the case when the S 1 -action on Z is semi-free.
Finally, it would be interesting to extend our approach to get a topological classification of some S 1 -invariant fat bundles of higher dimension. Originally fat bundles were introduced by Weinstein, motivated by the search for new manifolds of positive sectional curvature. The fatness condition arises naturally when studying such metrics on the total space of a fibration with totally geodesic fibres. There has been considerable work in this direction, which is surveyed in [27] and [28, Section 4] . On the other hand, the symplectic interpretation of fat bundles, has not been explored to such an extent. The symplectic point of view was described by Weinstein in [25] and is encoded in the notion of S-fatness which we now recall.
Let P → M be a principal G-bundle over M with a connection A and denote by g the Lie algebra of G. The curvature F A of this bundle is a section of g ⊗ Λ 2 (T * M). So, interpreting F A as a section of Hom(g * , Λ 2 (T * M)), for any µ ∈ g * we get a section F A (µ) ∈ Λ 2 (T * M). Definition 7.4. [25] Let S ⊂ g * be a union of non-zero coadjoint orbits in g * . We say that the connection A is S-fat if for any µ ∈ S the section F A (µ) ∈ Λ 2 (T * M) is a nowhere degenerate twoform on M. In the case S = g * \ 0 we say simply that A is fat.
Let O be a coadjoint orbit of G and suppose and a principal G-bundle E over M is O-fat. In this case Weinstien explained [25, Theorem 3.2] that the associated O-bundle over M is symplectic. Reznikov discovered examples of such types of bundles originating from Riemannian geometry. He observed [20] that the twistor space of an even dimensional Rimannian manifold M 2n , satisfying a certain curvature inequality is naturally symplectic. The inequality can be paraphrased as saying the curvature is either "sufficiently positive" or "sufficiently negative". In terms of fatness, here the principal bundle is the SO(2n)-frame bundle with induced Levi-Civita connection, and the coadjoint orbit O is the space of anti-symmetric 2n × 2n matrices with square −1. Reznikov's condition on curvature is equivalent to O-fatness of SO(2n)-bundle. Thus one can hope to study sufficiently positively curved even-dimensional manifolds with an isometric S 1 -action using methods of symplectic geometry as in Corollary 1.5. The case of dimension six seem to be the most promising. We hope to address this in future work.
